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■ Abstract. A line bundle having large degree on every subcurve of a given nodal curve 

! is well-behaved. 

S: 

^ • On a smooth (more generally, irreducible nodal) curve X of genus g, it is trivial or well 
known JSl, lH that a line bundle L of degree d is well-behaved when d is large enough 
relative to g: 

{i)ifd>2g-l,thenh^{L)=d-g + l; 
<^ ■ (ii) if d > 2g, L is globally generated; 

(iii) if d > 2g + 1, then L is very ample. 
^ ' (iv) if d > 2g + 1 + p, then L has property Np (theorem of Mrk Green, see ^ or d]], 
g §1.8). 

The obvious generalizations of these properties to the case of nodal, possibly re- 
^ ducible, curves trivially fails. Clearly, any numerical condition guaranteeing good be- 
>• havior on reducible curves must involve subcurves of X. One such condition called 
balancedness was considered by Caporaso [1]. In this paper we focus on a different nu- 
^ merical condition that we call uniform numerical nonspeciality. In general, this notion is 
^ neither stronger nor weaker than balancedness, but for large degree it is weaker. Based 
on the degree of uniform nonspeciality, we prove a clean generalization of properties 
(i-iv) above. As a (very special) consequence, we obtain a short proof of one of the main 
results of yj. 

In this paper, all curves are nodal, possibly disconnected. For a nodal curve X, the 
K> genus g{X) is the arithmetic genus, i.e. the number such that deg(a;x) = 2g(^) ~ 2. 

cj Definition 1. (i) A line bundle L on X is said to be k- numerically nonspecial or k-nuns if 

deg(L) > 2g{X) -2 + k. 

(ii) L is said to be k-uniformly numerically nonspecial or k-ununs if for all subcurves Y C X, 
Ly is k-nuns on Y. 

(iii) L is said to be k-spanned if for every ideal I ofcolength k on X, the natural map H^(L) — > 
L/IL is surjective. □ 
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Thus, 1-spanned is globally generated, 2-spanned is very ample, etc. It is well known 
that for X irreducible nodal, fc-nuns implies {k — l)-spanned. Our main result here is 
that for all X nodal, fc-ununs implies {k — l)-spanned and Nj^s- 

Lemma 2. Let p be a node on X, let J^ i, be the ideal of type {x^,y^) of colength e = a + b — 1 
cosupported at p, let n : X' ^ X be the blowing-up ofp, and L' the unique line bundle on X' of 
degree deg(L) — a — b such that tt* (L') = i,L. IfL is k-ununs on X, then L' is (k — e)-ununs 
on X'. 

Proof. We may assume < b < a < e. Let Y' be a subcurve of X' and suppose to begin 
with that Y' contains both preimages of p. Then Y' is the blowing-up of p on a uniquely 
determined subcurve Y of X containing p, and we have 

deg(L'y,) = deg(Ly) -a-b> 2g{Y) -2 + k-a-b = 2g{Y') -2 + k + l-e, 

which is good enough. If Y' contains precisely one preimage of p, it maps isomorphically 
to a subcurve Y of X through p and we have 

deg(Ly,) >d-a> 2g{Y) -2 + k-a> 2g{Y') -2 + k-e 

as a < e. If Y' contains no preimage of p then L|y/ is trivially fc-nuns. This concludes the 
proof. □ 

Theorem 3. (i) IfL is 1-ununs , thenh^{L) = deg(L) - g + 
(ii) IfL is k-ununs for k > 1, then L is {k — \)-spanned. 
(Hi) IfL is k-ununs, k > 3, then L has property Njt_3. 

Proof, (i) By Riemann-Roch and Serre Duality, it suffices to prove that h^{(x>x{—i-)) = 0. 
This is proved by induction on the number of irreducible components of X. If X is 
irreducible, the result is clear. For the induction step, let s G lI^{cox{—I))- Note that 

deg(L) = J]deg(Lz) > deg(a;x) = Edeg(a;x|z) 

z z 

the sum being over all irreducible components Z of X. Therefore there exists an irre- 
ducible component Z such that 

deg(Lz) > deg(a;x|z) > deg(a;z). 

Therefore s\z = 0. Let Y = X \ Z be the complementary curve. Then since s vanishes 
on Y n Z, it may be viewed as a section of a;y(— L). Since L|y is 1-ununs, it follows that 
s = 0. 

(ii) We need to show that for any ideal / of colength e < k on X, h^(JL) = deg(L) — 
^(X) + 1 — e. If / is invertible, we just apply Part (i) to }L. Therefore we may assume / is 
cosupported at the nodes. Using an obvious induction, we may assume / is cosupported 
at a single node p G X. If / is invertible, again we may conclude by applying Part (i) to 
}L. If not, the results of L5J show that / has the form 2, as in Lemma |2] and it suffices to 
apply Part (i) to L' on X'. 
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(iii) Given that L is very ample and satisfies (i), the proof of Theorem (4.a.l) in [21 
goes through essentially verbatim. More specifically, property N^-s is equivalent to the 
vanishing of the Koszul cogomology Kj^s^ii^f By an evident extension of Green's 
Duality Theorem (2.c.6), the latter group is dual to Kf^o(^Q^i_j(^Q{X,cox,L), which van- 
ishes by (an evident extension of) Green's vanishing theorem (3.a.l). □ 

The above Theorem- in fact, just the 1-ununs and 2-ununs cases- yield a quick proof 
and strengthening of Caporaso's Theorem 2.2.1 in [IJ, which concerns balanced line bun- 
dles. A line bundle L of degree d on a semistable curve X is said to be balanced if for 
every subcurve Z C X meeting its complementary curve in Sz points, we have 

and moreover L has positive degree on each nonsigular rational component containing 
2 nodes of X. If L is balanced of nonnegative degree, then it has nonnegative degree on 
every subcurve. Now suppose L is balanced of degree d > 2g{X) — 2. Then in the above 
inequality we have 

deg(Lz) > 2g{Z) -2 + Sz-^z/2 = 2g{Z) -2 + 5z/2. 

It follows that L is 1-ununs, hence h°(L) =d- g{X) + 1. This is Theorem 2.2.1 (i) of (U. 
Now suppose moreover that X has no separating nodes and that deg(L) > 2g{X). Then 
for every proper subcurve Z c X, we have 6z > 2, hence deg(Lz) > 2g{Z). If moreover 
d > 2g{X), it follows that L is 2-ununs, hence by Part (ii) above is globally generated. 
This is Theorem 2.2.1(ii) of [JJ. Finally, assume X is semistable of genus 2 or more, and 
L is balanced of degree d > 5{g{X) — 1). Let Z C X be a subcurve. We claim that 
deg(L2;) > 2g{Z). To prove this, it is easy to see that no generality is lost by assuming 
X, Z are connected, g{Z) > and Z c X. By balancedness we have 

deg(Lz) > 2g{Z) - 2 + ^{2g{Z) - 2) + 2Sz. 

If g{Z) > 0, then Sz > and the last two terms add up to at least 2. This proves our 
claim. Hence L is 2-ununs and therefore globally generated. This is Theorem 2.2.1(iii) 

of m. 
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